We derive closed formulae for the numbers of rooted maps with a fixed number of vertices of the same odd degree except for the root vertex and one other vertex of degree 1. A similar result, but without the vertex of degree 1, was obtained by the first author and Rahman. These formulae are combined with results of the second author to count unrooted regular maps of odd degree. We succeed in finding, for each even n, a closed formula f n (r) for the number of unrooted maps (up to orientation-preserving homeomorphisms) with n vertices and odd degree r, provided r is an odd prime or gcd(r, n − 2) = 1 or n = 2. The functions f n become more cumbersome as n increases, but for n > 2 each has a bounded number of terms independent of r.
Introduction

Motivation
In the late 1970's the second-named author developed a method of counting unrooted planar maps [Lis81] (see also [Lis85, Lis98] ). It relies on the concept of the quotient map of a (geometrically implemented) map with respect to a rotational automorphism. The idea is to reduce the problem to the enumeration of rooted maps of the same type and the arising quotient maps. The method turned out to be effective for diverse classes of maps (see [Lis04] ). In particular it is quite applicable for counting unrooted vertex degree specified maps, although the resulting reductive formulae are necessarily fairly cumbersome. But in general we encounter a more serious obstacle in applying this approach: the enumeration of the arising rooted degree specified maps. If the maps under consideration are eulerian, that is even-valent, then all the quotient maps are eulerian or unicursal (the latter term means that only two vertices are of odd degree), and there are remarkable sum-free formulae discovered by Tutte [Tut62] for counting rooted eulerian or unicursal maps with a given vertex degree distribution. In particular, this enabled the second author to count unrooted regular maps of even degree [Lis85] .
Sum-free closed formulae are appealing goals for research in enumeration. However, in the general case for maps with odd-degree vertices such simple formulae are not known (see [BenC94] , where a certain general but inconvenient formula is given). So the corresponding reductive formulae are impractical for maps having many odd-degree vertices. At present, the only known notable exception is a simple closed formula for the number of rooted 3-regular maps [Mul66] . Accordingly, there is a simple formula for the number of unrooted 3-regular maps. This was published (with a minor error) in [LisW87] . A technique developed by the first author [Gao93] (cf. [GaoR97] ) shows that there are other classes of effectively enumerable rooted maps with many odd-degree vertices, namely, r-regular maps (see below). However, in order to be applicable for counting unrooted maps of the same classes, the rooted enumeration should be extended to the maps of a similar specification but possessing one or two additional odd-valent vertices. This is one of the main aims of the present paper. It is achieved, with simple closed formulae, if we permit one extra vertex of degree 1 and another of arbitrary degree. Even this requires considerable effort and a nontrivial extension of the technique in [GaoR97] to be able to deal with truncations of power series which somewhat mysteriously cancel with other nice functions (see (3.28)). Further extensions look very difficult.
The other main aim is to translate these results to the enumeration of unrooted regular maps of odd degree. We find closed formulae for the numbers of these maps with a given number n of vertices as a function of the odd degree r, provided r satisfies certain restrictions. These restrictions could be removed (and the formula completed) if we could find a similar closed formula for the number of rooted maps with all vertices of degree r except for two vertices of arbitrary (but equal) degree. Our basic approach makes it clear how to obtain non-closed (recursive) formulae for the cases that we omit here, if that is desired. This is a much more routine job than the task we attempt here.
Main definitions and notation
A planar map is a 2-cell embedding of a planar connected graph (loops and multiple edges allowed) in an oriented sphere. We consider only planar maps, therefore for brevity we will merely call them maps hereafter. A map is rooted if one of its edge-ends (known also as edge-vertex incidence pairs, darts, semi-edges, or "brins" in French) is distinguished as the root. The corresponding vertex is called the root-vertex. It is well known and important that no non-trivial automorphism of a map leaves the root fixed. The degree of a vertex is the number of edge-ends incident with it. This is often called valency in the map enumeration literature.
In this paper, counting unrooted maps means counting up to orientation-preserving homeomorphisms. There is also a method of counting up to all homeomorphisms given by the third author [Wor81] , but this is in general very recursive in nature and not so convenient for obtaining closed formulae.
If K(m) is a class of maps with m edges, then K + (m) denotes the number of unrooted maps in K(m) and K(m) denotes the number of rooted maps. Hence
and it is clear that
where |Aut(Γ)| is the order of the automorphism group of the map Γ. We define A(1 a 1 2 a 2 3 a 3 · · · ; m) to be the class of planar maps of the indicated vertex degree specification, that is, with a i vertices of degree i; the implied number of edges, m = (a 1 + 2a 2 + 3a 3 + · · · )/2, is also recorded in the notation. These maps have v = a i vertices and (by Euler's formula)
faces. We call maps of such a specification r-regular if a i = 0 for i = r. Moreover, we need to consider maps in which one or two vertices of degree 1 are distinguished as singular; a map cannot be rooted at a singular vertex. The presence of singular vertices is indicated by the corresponding number of asterisks ( * ) in the subscript. Singular vertices play the role of axial elements in a rotational automorphism of a covering of the rooted map (see below).
Reductive enumeration of unrooted regular maps
In this section we relate the number A + (r n ) = A + (r n ; m) of unrooted r-regular maps with n vertices and m = nr/2 edges to the numbers A(r n ; m) of the corresponding rooted maps, and rooted maps of certain related types. The technique developed in [Lis81, Lis85] will be used; these references should be consulted for further details of the general discussion in this section.
Quotient maps and liftings
Consider a map Γ and its rotational automorphism α of order ρ > 1. Then α is determined by two axial cells (poles) and the rotation angle 2π /ρ, where , 1 ≤ < ρ, is prime to ρ. Now there is a unique quotient map ∆ = Γ/α. It is defined topologically and can be constructed geometrically by cutting the underlying sphere into ρ identical sectors, taking one of them and glueing it into a new sphere. Conversely, given ρ and two arbitrary axial cells, neither of which may be an edge, ∆ is lifted into a unique map Γ . In order to use this approach for the enumeration of unrooted maps Γ ∈ K(m), scheme [Lis81, Lis85] , one needs first to properly differentiate all possible rotation axes by types to ensure a certain uniformity of the quotient maps and of their liftings. Namely, a classification W = {ω} of the axes is proper if the number of ways to lift a quotient map ∆ back into K(m) (in other words, this is the multiplicity of the appearances of ∆ as a quotient map) depends only on ρ and the type ω of the axis with respect to which ∆ has been obtained. We denote this number by ψ ω (ρ). Further the corresponding classes of quotient maps should be described thoroughly and enumerated as the rooted ones:
is easily expressed in terms of these numbers multiplied by ψ ω (ρ) and summed over all possible ρ and ω.
Typically the classification of axes into types according to the nature of the two axial cells (face-face, face-vertex, etc.) suffices. This is indeed true for the present application. Constraints on ρ, together with the numbers of the corresponding quotient maps, are described for each type in Table 1 (where, and thereafter, for brevity, ( , ) denotes the greatest common divisor). Recall that m = nr/2, and note that n is always even since r is odd. 
In order to explain these data we note that the degrees of the axial cells are diminished ρ times in the quotient maps, while the non-axial cells preserve their degrees. On the other hand, ρ non-axial cells turn into one cell, whereas every axial cell of the original map turns into one axial cell of the quotient map. If the axial cell of Γ is an edge (in which case ρ = 2), it turns into an edge ending in a special additional vertex of degree 1. This vertex of the quotient map is called singular. A singular vertex is necessarily axial, and the quotient map cannot be rooted at a singular vertex. Finally, the quotient map contains m/ρ edges if it has no singular vertices, and apart from this, every singular vertex contributes an additional term of 1/2 to the number of edges of the quotient.
The constraints in the second column of Table 1 arise from the condition that all parameters of the quotient maps are integers. When ω is face-face, we have ρ | (n, nr/2) and so ρ | n/2 since r is odd. When ω is face-edge, ρ = 2 | (n, nr/2 + 1/2) and so n/2 must be odd. The other cases should be obvious. Note that ω cannot be of the form vertex-edge because ρ would then be 2 (because of the axial edge) but would also have to divide the degree of the axial vertex, which is odd. So this sixth type ω does not occur for these maps. Table 2 contains the values of number ψ ω (ρ) of admissible choices of the axial cells in the quotient maps. The type is defined as in the lifted map. Here f is the number of faces, a function of other parameters as determined by (4). The number of faces of the quotient maps (the fourth column) is significant for calculating ψ only if at least one axial cell is a face. face -face
face -vertex
vertex -vertex 1 edge -edge 1
Reduction
Now we can establish the desired uniform reductive formula for the number of unrooted regular maps.
Theorem 1
where m = rn/2, φ(ρ) = |{i : 1 ≤ i ≤ ρ, gcd(i, ρ) = 1}| is the Euler totient function, the second sum is taken over the five axis types represented in the first column of Table 1 , P ω (ρ) and A[ω](ρ) are the corresponding constraint and rooted enumerator represented, respectively, in the second and third columns of the same table, the values of ψ ω (ρ) are taken from the last column of Table 2 , where the parameter f is determined by formula (1.1) and δ Pω(ρ) is the characteristic function: δ P = 1 if the condition P holds and δ P = 0 if P is false.
Proof: Immediately from the foregoing tables and formulae according to the general enumerative scheme for unrooted planar maps [Lis81, Lis85] .
It remains to obtain closed enumerative formulae for the functions A[ω](ρ) appearing in the right-hand side of (2.1). This will be done in the rest of this paper subject to some restrictions on n and r. We can state the form of the answer as follows.
Theorem 2 Let n > 2 be fixed and let d denote (r − 1)/2. Then, provided r is not a multiple of an odd prime divisor of n − 2, A + (r n ) is expressible as a polynomial in
and the quantities δ i|r
(for all i dividing n − 1) with coefficients rational functions of d. (For each odd prime divisor p, the extra quantity δ r=p must also be included.) For n = 2,
A list of explicit formulae for A + (r n ) for all n ≤ 10 (and the appropriate r) is given in Section 4.
3 Near-regular maps with a degree 1 vertex This section deals with rooted maps which have all but the root vertex of degree r, and one other vertex of degree 1. These are important for evaluating formula (2.1).
We immediately switch to the duals of the maps to be more in line with the arguments in [GaoR97] . Let M {r} k,m denote the number of rooted maps with all internal faces of degree r, with k faces altogether (including the unbounded face), and m edges. Similarly,
denotes the number of rooted maps with all internal faces of degree r except for one distinguished face of degree h, with k faces altogether (including the unbounded face), and m edges. From all these notations, when r is understood it can be omitted;
k,m ; but if r has different values in two parts of the same formula it will be included.
Reduction to
We need to express the entries A[ω](r) in Table 1 in terms of M k,j and M 
3)
For the vertex-vertex type, if ρ = r and n > 2
whilst in any other case for the vertex-vertex type we have not derived an appropriate formula. Thus, we do not obtain a final result if n > 2 and gcd(r, n − 2) has any factors (which are potential values of ρ) other than 1 and r. The numbers n for which this can happen are those for which n − 2 is not a power of 2. In these cases, since r is odd, the required condition can be restated as r is an odd prime or gcd(r, n − 2) = 1 or n = 2. (3.7)
To justify equations (3.1) -(3.6), we consider the duals of the maps counted by the M 's. Then faces of degree r become vertices of degree r. The equation for the first type is immediate. For the second, the quotient map has nr/ρ rootings, of which r/ρ are on the singular vertex, making a n-to-1 correspondence between the maps required and the ones counted by M 1+(n−1)/ρ,n/ρ (where the vertex of degree 1 must be the root vertex). For the third type, we could have used M with a similar adjustment, but by using M [1] no adjustment is required. For the fourth type, M
[1] counts maps with the root at a vertex of degree 1, so the adjustment factor is the number of possible rootings of the quotient map, divided by 2 (as there are two vertices of degree 1). As the quotient map has nr/2ρ = n/2 edges, the factor is n/2. For the fifth case, the argument is similar but the special vertices disallow two possible rootings in the maps counted by A * * .
3.2
The form of M k,m and M
Closed formulae for the numbers M k,m were computed in [GaoR97] , so for evaluating (3.1) -(3.6) the only new results required are for M
k,m . It is nice to know what kind of functions will appear in an argument. In particular, the generating function for rooted plane trees is well known:
We will work with the set S[X] of polynomials in X and X −1 whose coefficients are rational functions of d. It follows easily from the equations in [GaoR97] that
where
k (x) we will prove a similar result.
This lemma is proved at the end of this section, along with the specific calculation of M
The following result is obtained directly from (3.9) and Lemma 1 by considering the extraction of the appropriate coefficient of x. Note that the coefficient of x i in any half-integer power of X is a polynomial in Lemma 2 For k ≥ 3 we have
A recursion for M
where a = (k − 2)r + h − 1 and δ = 1 if h = 1 and 0 otherwise.
Proof:
The common degree r is constant in the following argument. Using the type of decomposition in [GaoR97] , let M be a map of the type counted by M In the first case, two maps result. If the one containing the distinguished face has j faces then the other has k + 1 − j faces. The generating function for these is
In the second case, deleting the root edge merges the adjacent face with the root face, and there are two subcases. In the first subcase, the adjacent face has degree r, in which case the number of possibilities for the map produced is M [h] k−1,m−1 , and in the second, the adjacent face is the distinguished one of degree h, so the new map is counted by M k−1,m−1 . However, in the first of these cases the degree of the root face of M must be at least 1, implying (summing the face degrees) that 2m ≥ (k − 2)r + h + 1, and so m − 1 ≥ ((k − 2)r + h − 1)/2. Conversely, for m − 1 in this range, the reverse operation can be carried out in a unique way. On the other hand, in the second case, we obtain the same constraint if h ≥ 2, but the stronger constraint m − 1 ≥ ((k − 2)r + h)/2 in the case h = 1 since the degree of M must be at least 2 when the root edge encompasses a face of degree 1. (For k = 2, if it had been permitted, the second case would have the same restriction as the first one.) Thus
and the lemma follows upon solving for M
[h] k and using (3.8) to simplify the leading factor.
In further work we consider only the case h = 1. Since the number of edges in maps counted by M k−1 (x) is at least (k − 2)(2d + 1) + 1 /2 = (a + 1)/2, the following is immediate.
Now for some computations for small values of k. As a foundation in addition to (3.8) we use the following formula of Tutte [Tut62] (see also equation (1) in [GaoR97] ) for just two faces, the interior one of degree r (even or odd):
We also make use, in one of our alternative derivations of M
3 , of Tutte's formula in the case that the non-root face degree is even:
For later use, note that (3.11) implies for the generating function (see [GaoR97, Equation 13])
and hence
(3.14)
From [GaoR97] we also have
We henceforth assume that r is an odd integer, and write d = (r−1)/2 so that r = 2d+1. The value of a/2 in Lemma 2 is then, in the case h = 1, given by
Formulae such as (3.14) and (3.15) we will call closed since they are simple explicit formulae for the generating functions. In the present section, more specifically, a closed expression means that it is a sum of terms involving the power of x and (1 − 4x) where the number of terms depends only on the number of vertices, not on d. In general, our aim would be to find such closed expressions for M [h] k , though we only succeed in the case h = 1. For the next two calculations, we explore a direct combinatorial argument rather than the recursion in Lemma 2. (However, note that we will later develop a general recursion that also covers the case of M
Start with a rooted plane tree with m − 1 edges and insert a loop into any of its 2m − 2 corners, or insert the loop into the root corner and transfer the rooting onto the loop. This shows that M 2,m = (2m − 1)M 1,m−1 as M 1,m is the number of rooted planar trees with m edges. Thus, using (3.8), we have
regardless of r.
M [1] 3
A map Γ of this sort can be obtained by inserting a loop into another map, Γ . For the loop to be inserted into the unbounded face, there are 2m − 2 − r corners available, and we also permit the possibility of shifting the rooting onto the loop if the root corner is used. In this case Γ is counted by M 2,m−1 = M Recalling that r = 2d + 1 we may apply (3.11) and (3.12) to obtain
Note that, comparing with (3.11), we have
a relation which it would be nice to derive via a direct bijection between the maps counted by M
[1]
3 (x) and those counted by M 2 (x) (with one less edge and with a distinguished corner). Unfortunately, simply saying that the loop is inserted into the distinguished corner does not apply, since the loop cannot be inserted into a corner in the interior face without destroying the degree condition, and also the M 3,n maps with a root on the loop must be produced somehow.
M [1] 4
The general method in the next Section is quite complicated so we introduce it by dealing with the case of M 4 separately using a very related approach. From Corollary 2 and using (3.16),
Of the terms in the summation,
by (3.19). Also by (3.15) and (3.17)
For the next term, note that, using (3.19),
Adding (3.21) and (3.23) using (3.11) gives
It is shown in [GaoR97] just after (18) that
and so putting this all together we have from (3.15) and (3.20)
which is
i.e.
In the formula for M
5 from Lemma 2 we have closed expressions plus
The middle term is closed. Now in general
is closed when f (x) = (1 − 4x) −α for α a half-integer. To be precise, we will calculate H j (x) for integers j ≥ 1 such that
where F is the linear operator defined as
First, differentiating (3.24) we have
So using (3.14) and dividing by 2d d
x d , and then using
, this determines H 1 in (3.28):
(3.30)
Next, note that
So, using linearity of F, for all integers j,
we may rewrite the equation above as
with X as in (3.10). Now it is easy to check that for all integers p and q
and thus H j+1 (x) = X 2j + 3 2j + 2d + 1 (H j (x) + 1).
Starting with (3.30), which may be rewritten as
we may use this recurrence to compute H j recursively for all fixed integers j, both positive and negative. Moreover, we may write
whereH j is a polynomial in X and 1/X whose coefficients are rational functions of d with a bounded number of terms for fixed j. The resulting recurrence forH j can be solved using standard techniques to givẽ
whereH 0 = X/(2d), and (a) b = a(a + 1) · · · (a + b − 1) is the rising factorial. We may check that (3.34) is also valid for negative integers j, in which case the summation symbol is interpreted as − −1 i=j . We also need to truncate at some other places. For b ≥ 0, define
To simplify things a little, let us definẽ
k (x) for k > 2 M k−1 (x)) (3.37)
by (3.16).
From (3.34) we have for fixed j that
where S is defined as in Section 3.2. It is easy to check that for each fixed j.
Proof of Lemma 1 We claim that (3.37) implies by induction that for k ≥ 2 
This can be evaluated by noticing that F d+k/2−1 is linear and also (−4x) d+i B(−j, i) (3.43)
by (3.39) and inverting (3.10) to x = (1 − 1/X)/4. We now obtain (3.41) recursively from (3.37), (3.9) and (3.42).
Computational note The coefficients of L k (X) can be obtained from the equations referred to in the last line of the above proof together with (3.38), (3.32), (3.34) and (3.33). This gives the value of M 
Results
First, for completeness, we give the formulae for M k (x) computed using the equations in [GaoR97] , which clearly demonstrate the general form of these functions. Note that the coefficients of M 2 (x) are given in (3.11) and we do not have a closed formula for the generating function. 
